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Theorem 1. The following is a property of an ordered field. 0 < 1

Proof. Suppose that 1 < 0. Then by property O4, 14+ 1 < 0+ 1 = 2 < 1. This is a contradiction, as we
know 1 < 2. Therefore, 0 < 1. O

Theorem 2. The following property of an ordered field. If 0 < a < b, then 0 < b~ ! < a™'.

Proof. Take 0 < a < b, now using property vi of theorem 3.2, we see that (¢~ 16710 < (a!'b71)a <
(@ Y —0< (b laa< (@b )b—-0<bl(ata) = 0<bl - -1<a !l 1-0<bl<al O

Theorem 3. Let a,b,c € R. Then |a+ b+ c| < |a] + |b] + |c].

Proof. Take [a+b+c¢|, and let d =b+c. Then |[a+b+c|=|a+d| < |a|+|d| = |a| + b+ ¢| < |a| + |b] + |¢]
Therefore
la+b+c <laf +[b] + ||

Theorem 4. Vi € N, let a; € R. Then ay + az + ... + an| < |a1] + |ag| + ... + |an].

Proof. We wish to show that

n n
> o <D lail.
i=1 i=1

Base case of n = 1. Then clearly, |a| = |al, so the statement holds for the base case. Suppose the statement
holds Vn < m € N. We wish to show true for m + 1. Note now that the sum on the first m terms is

IS ail < 2 fail. Now,

m—+1

E Q;
i=1

. Let 0 = Zai, then

i=1

m
Z i + m41
1=1

m m
Z a; + Q1| = Z B+ am1] - Now since (3, agm+1 € R
i=1 i=1
m m m—+1
1B+ amsr| < 1Bl + lamsr] = | D @i + lamsa]| <D lai + amir| = Y las]
i=1 i=1 i=1
Therefore, the statement holds for all n. O



