Solutions for the Final Exam

1. Find the limits:
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For every number ¢ > 0 there is § > 0 such that if 0 < |t — ¢| < 0 then

l9(t) = L| < e.

23 4+ 22 = 7 in the interval (1,2).

Let f(z) = 2® +2z. Now f(1) = 3 and f(2) = 12. Since f(1) < 7 < f(2), by the
IVT there is a number ¢ in the interval (1,2) such that f(c) =7. So ¢3 +2c =7, so

the equation has a solution in the interval.
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Complete the definition of the limit lim g(t) = L.

Use the Intermediate Value Theorem to show that there is a solution of the equation

Use the definition of derivative to verify that if f(z) = 224 3x+4 then f'(x) = 2z+3.
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5. Find the derivative of each function.
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(b) f(z) = 2*tanw

using the quotient rule.



f'(z) = 2ztanx + 2%sec*r  using the product rule.

6. Find the derivative of each function.
(a) F(z) = V1+a3

F(z) = 1+23)"" s0 F'(z) =
the chain rule.

(b) y = (izti)g

L +23 7 302 = 322(1 427" using

241 d d —4
This is y = u® where u = ; i— T Now % = 3u® and % = ﬁ (using
, dy  dydu 9 —4x 122(2* + 1)?
the quotlent rule), SO % = @% = 3u (m) = _W

7. Find dy/dz by implicit differentiation: 2% + zy — y* = 3

Thisis: 2z +y+xy —2yy' =0or 2z +y = —xy + 2yy so 2z +y = (—x + 2y)y.
2 +y

We get i) = ———
e get y —

8. Find the differential dy and evaluate dy for the given values of x and dx.
y=a+4x, x=2, dxr=—0.05.
This is dy = f'(z) dz = (32 + 4) dz = (3(2%) + 4)(—0.05) = —0.8.

9. A farmer needs to make 6 rectangular pens as shown, using 24 yards of fence. What
dimensions result in the greatest possible area inside the pens?

If the six pens (taken together) are 2 wide and y tall, then the amount of fence used
is 3x + 4y = 24. The area of the six pens taken together is A = xy. Solve the
first equation for y to get y = i(24 —3z),80 A =xy = ix(% —3x) = 6x — %xz.
Then dA/dx = 6 — %x Set that equal to zero and solve to find the critical point:
6—3x=0o0rz=4 Theny=1(24—3z) = 1(24 — 3(4)) = 3. So the pens taken
together are 4 x 3 yards; each individual pen is 5 x 2 yards (or 4 x 4.5 feet).

10. Find the area between the two curve y = 6z and y = 2.



11.

12.

13.

We need to find where the curves intersect, so solve y = 6z and y = 22 together
to get 6x = x?, which leads to x = 0,6. So the area is A = f; (f(z) —g(x)) dz =
f06(6x — 2%) dx = 36.

Find the volume of the solid obtained by rotating the region bounded by the curves
y=142z, y=0, x=1, x =2 about the z-axis.

We integrate over z to obtain V = ffw (f(x))? dz = ff (1 + 22)%dx = 497 /3.

Find the absolute maximum and absolute minimum values of f(z) = 322 — 122 + 5
on the interval [0, 3].

First, find any critical points in the interval: f'(z) = 6x — 12, so 6z — 12 = 0 gives
x = 2. Now just compare the values of f(x) at + = 2 as well as at the endpoints
x=0and z = 3. We get f(0) =5, f(2) = —7 and f(3) = —4. So the maximum
value is f(0) = 5 and the minimum value is f(2) = —7.

Find the intervals of increase and decrease, and the local minimums and maximums,
of the function f(z) = 223 + 32% — 36x.

This involves the first derivative: f'(z) = 62* + 62 — 36 = 6(z — 2)(x + 3). So the
critical points are x = 2 and © = —3. So the three intervals of interest are x < —3,
—3 < x<2and 2 < x. We might test these intervals by putting numbers in them
into f’(x). But from the graph provided, it is clear that the function is increasing on
r < —3 and on 2 < z, and decreasing on —3 < x < 2. This in turn tells us * = —3
is a local maximum and x = 2 is a local minimum.
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Find the intervals of concavity and all inflection points of the function
f(x) =223 + 322 — 36z.

This involves the second derivative: f”(z) = 12z 4+ 6. Now the function is concave
up when 12x 46 > 0 or z > —%. It is concave down when z < —%, and x = —% is
an inflection point.

Find the function f such that f”(x) =6z —4, f(1) =8 and f’(1) = 5.

First, f'(x) = 32> — 42+ C. Since f'(1) = 5, we know 3(1?) —4(1)+C = 5so C = 6.
That is, f'(z) = 32% — 4z + 6.

Now f(x) = z® — 2% + 6x + K. Since f(1) = 8, we have 1> — 2(1%) + 6(1) + K = 8
or K =3. So f(z) =23 — 22% + 62 + 3.

1
Evaluate the integral / (3t 44t + 5) dt
1

4
Using the Fundamental Theorem of Calculus, / (3t +4t+5) dt = [t?’ + 2t% + 5trll =

(64 +3(16) + 5(4) — (1+24+5) = 108,

Evaluate the integral /a:2(:v3 +4)° dx
Use the substitution v = 2> + 4 and du = 322 dx or %du = x?dzx. So
/xz(x3+4)5dx: %/zﬁdu: L1 0= (P +4)° 4 C.

Find the inverse function of f(z) = 2* — 4.

Solve x = y3 — 4 to obtain y = /x + 4. So f~'(z) = /z + 4.

Find each derivative.
(a) f(z) =2%Inx
f(x) =32*Inz + 2% (1) = 3z% Inz + 2%, using the product rule.
(b) y=e
y =e (—2z) = —2ze”

2 . .
*” using the chain rule.

Find each integral.

(a) / :E;:— 1 dr




Let uw = 22+ 1 so du = 2z dx or %du:xdx. So/
Injul+C=1ihf2*+ 1]+ C.

(b) /04 e 2 dx

o0 4 6—2m 4
Recall /e” dr = —+C, so / e dr = — }
a 0

x
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